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Abstract

The inverse problem of estimating system parameters from measurements of radiation leakage from
a decay gamma source surrounded by a series of concentric spherical shield layers is considered.
It is assumed that measured lines are well resolved and that any scattered photons are removed
from the line; therefore, scattering is ignored. With this approximation, the transport equation
is solved semi-analytically using ray tracing. Gradients of the calculated leakage with respect to
the parameters are evaluated either by adjoint differentiation or by differentiation of the ray trace
expression for the leakage. These gradients are used in gradient-based root-finding and optimiza-
tion methods. The resulting methods are able to estimate unknown source and shield thicknesses,
densities, and compositions using only measured gamma-ray leakage fluxes. These methods using
semi-analytic gradients are compared with existing methods using discrete ordinates calculations
and adjoint differentiation. The ray trace derivatives are more accurate and computationally ef-
ficient, resulting in a faster and more robust inverse solution. Perturbation estimates for internal
interface perturbations are considered, and estimates are developed that are highly accurate over
a very large range of perturbations.

I Introduction A direct solution to the Boltzmann transport equation for a given system
results in the particle angular flux for the system. However, the real problem is frequently the
inverse: given the angular flux or some functional of it (e.g., the particle flux at a detector), what
is the system?

Favorite developed a root-finding inverse method, based on inversion of a variational functional and
using Newton-Raphson iteration [2]. Buescher & Vaughan developed a surrogate search method
specially tailored to the problem of a spherical source surrounded by concentric sphere shield layers
[1]. Favorite & Sanchez implemented a root-finding method using adjoint-based derivatives [5].

In this work, we consider improvements to both gradient-based search methods and direct search
methods. For gradient methods, ray tracing is used to calculate more accurate gradients with
greater computational efficiency. For direct methods, more accurate perturbation estimates are
developed.

The rest of the paper is laid out as follows. In section II, we define the problem of interest and
derive ray trace solutions for the leakage and forward and adjoint fluxes, taking into account the
no-scattering approximation and 1D spherical geometry. We also present a method for calculating
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derivatives of the leakage directly from the ray trace solution. In section III, we derive expressions
for leakage derivatives using adjoint differentiation. In section IV, we derive and test highly accurate
leakage estimates for internal interface perturbations. In section V, we present the details of two
iterative algorithms to solve the inverse problem using the ray trace and adjoint derivatives. In
section VI, the inverse methods are tested on a series of problems.

IT Problem Definition and Ray Trace Solution Consider the transport of gamma
rays of discrete energies in an arrangement of N concentric spherical shells, as depicted in figure
1. Layer n extends from inner radius 7,1 to outer radius r,. Each layer is homogeneous, with
macroscopic absorption cross section Ef’n cm ™! and volumetric source rate ¢f cm™3 s~! for gamma
rays of energy group g.

Gamma ray transport, in the absence of scattering, is governed by the Boltzmann transport equa-
tion:
Q-Vo+ 31 =gq. (1)

The quantity of interest in this work is the detector signal (leakage)
M =< Xg1p >, (2)
where Y is the detector response function. The adjoint flux ¢* satisfies
—Q- VY 4 Ty = 3. (3)

The inverse methods and perturbation estimates we will use require calculation of the forward and
adjoint fluxes as functions of position and angle. The solution for the forward flux at points lying
outside all source and shield layers has been worked out previously [7]. We now consider the general
solution for points that may lie inside the source/shield system, as well as for the adjoint flux.
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II.A Single, central source In this section we suppose, for simplicity, that only the central
sphere emits radiation:

q = ¢ (4)
¢ = 0 (n>0). (5)

II.A.i Forward Flux The angular flux at r, r,_1 < r < r,, and angle § — 7 can be found
by tracing a ray from r in direction 0, yielding

1
Y0 = m) = gre O (L - e 2D, ©)
where Dy, ;(r,0) is the length of the ray’s path through layer i. The angle-integrated flux is
arcsin(ri/r)
Pr) = 2 / sin(8)y(r, 6 — m)d6 1)
0
arcsin(ry/r)
= & sin(0)e™(Zi2 iDni) (1 — ¢=2%1Dn1) g, 8)
1.Jo

II.A.ii Leakage The angular flux at the detector radius, r4, outside all source and shield
layers is

#ra0) = e (Bm e o) g - o) o)

where

dp = /12 — r2sin?(0). (10)
We define the detector response to be

Yq = cos(0g)0(r — rq), (11)
where 8; denotes the angle of the particle’s path at r = ry.

The leakage is given by

M = /a /V (r, 0)sin(6)cos(0)3(r — ra)dV do (12)
— 4nr? /9 (ra, 0)sin(0)cos(0)d6 (13)
= 27rr§211 Oarcsin(n/rd) sz’n(O)cos(O)e—(EQL2 S (dn—dn-1)) (1 — e~2dn) g, (14)
It is convenient to make the change of variables u = —cos(0), yielding
M= 27”"32% _: i fra? e (ENe Enldn—dn 1)) (1 _ (~2511) gy, (15)

where

dp, = \/7"7% —73(1 —u?). (16)
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IT.A.iii Adjoint Flux We make the simplifying assumption that the detector distance is
rq = o0. The adjoint source integrated over any ray is then simply unity. The adjoint flux at r,
Tn—1 < T < 75, can then be written as

P (r,0) = e (B Pes), (7)

where D, ; is the length of the ray’s path through layer i. The angle-integrated adjoint flux is

) = 2 /0 " sin(0)* (r, 0)do (18)

= /sin(ﬁ)e_(zfilzmn’i)de. (19)
0

II.B Leakage Derivatives In order to solve the inverse problem using gradient-based search
methods, we need a way to calculate the derivative of the leakage with respect to the unknown
parameters. Highly accurate values may be obtained by differentiating the ray-trace leakage ana-
lytically and evaluating the resulting integrals numerically.

II.B.i Unknown Radii For inverse problems with unknown material radii, we will need to
evaluate the partial derivatives of the solution with respect to the r,. For n > 1 (i.e., non-source
interfaces),

oMY —+/1=(r1/rq)?
d — 47rr§A2t,n/ —uth(rg,u) n du (20)
Orn -1 \/r% — 7“21(1 —u?)
where
Azt,n = 2t,n—l—l - Z]t,n- (21)
To find the derivative with respect to the source radius, we use the identity
o /f(w) df (=) g
[ swndy =g @)L+ [ Fay (22)
0z Jy, dz vw 0T

It is easy to show that the first term vanishes in our case. Thus

8M 9 q - 1_(7‘1/rd)2 —Tru
Oyt [
ory Y1 r2 — r2(1 — u2)
(23)
II.B.ii Known Thicknesses, Unknown Locations Consider an inverse problem where

the thickness of some material, e.g. a shield layer, is known, but the location of the layer is not.
The leakage can be written in terms of the various thicknesses using

n
o= Th. (24)
=1

¢~ (Tnmy Bin(dn—dn-1) (Et,2 + (281 — 231&,2)3_22““11) du
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This also yields an expression for the partial derivative of M with respect to Tj,:
N
oM dr; oM
= 25
Z or; dT, Z or; (25)

The necessary derivatives have already been calculated above.

I1.B.iii Unknown Source Weight Fractions Next we derive an expression for the deriva-
tive of the leakage with respect to the source component weight fractions. The chain rule yields

OM _ OM 0%,  OM Oq

el 26
Bf 0%, 0f " 0q 0f (26)
where f is the weight fraction. Since M « ¢ and g x f, we have
oM 8q
=M/f. 27
e =M/f (27)
Similarly,
82t N]O'J
el e 28
of i (28)
Differentiating Equation (15) gives
oM o q  [TVIT(/ra? (2N, Sen(dn—d ))( —9%,1d 1—6_22t’1d1>
= 2mry —ue n=2 <t,nlln=0n-1 2dje” “HtH — du (29
%41 451 ! X1 (29)
so that OM  Nio:idM M
— 9% (30)

+ ]
of fi 0% f
with ‘9M . given by Eq. (29).

II.B.iv Unknown Material Densities Next we derive an expression for the derivative of
the leakage with respect to the material density of layer n. The chain rule yields

OM  OM 9%y, _OM dg,
Bpn B azt,n 6/)71 BQn apn’

where p,, is the density of layer n. Since, for a single central source, M « g1 and ¢ « p1, we have

(31)

8M 8qn
= M/prbn1. 32
Similarly,
ox Y
t,n — t,n . (33)
Opn Pn
For n =1, 62— is given by Eq. (29). For n > 1, differentiating Equation (15) gives
OM q —V/1=(r1/rq)? (N _ 7
— Q2 —uldy —d. (Chze Btn(dn—dn-1)) (1 _ o—25¢1ds d 34
321:,1 Ty Ztl u(d, —dnp—1)e ( e ) u  (34)
so that

oM _ Yin OM n %
Opn pn 0%y Pn,

with ;3L given by Egs. (29,34).
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II.C Generalization We again consider the problem of the previous section, but now allow
the outer spheres to be sources.

II.C.i Forward Flux The angular flux at r, r,_1 < r < r, and angle § — 7w can be found
again by tracing along ray from r in direction 6, yielding

1 ' D
Yo -m =g g B ), (36)

where Dy, ; ;(r,0) is the length of the ray’s path through layer ¢, in the interval between source
region j and r. The angle-integrated flux is

arcsin(ry /1)
Pr) = 2 /0 sin(0)y(r, 0 — m)do (37)

arcsin rN/'r
_ Z / —(XN,; > iDni)(1 — =22 Pmi) e, (38)

II.C.ii Adjoint Flux The adjoint flux in the general case is again given by Eqn. (19).

I1.C.iii Leakage The total leakage is given by
M = /a /V (. 0) sin(8)cos(0)3(r — ra)dV do (39)
= dmr? /6 (ra, 0)sin(0)cos(0)d6 (40)
- iy /0 TN i (@)cos(@)e (S TP (1 - PDusyp. (41)

Consider a photon emitted at radius r and angle €, where r,_1 < r < 1, . The length of the
photon’s path through sphere m is

24/1r2, — r25in2(Q) - H (1, — 75in(9Q)) (m < n)
Dy = T2, — r23in2(Q) - \/rfn | — r2sin?(Q) (m>mn)
r2 — r25in2(Q) — rcos() — 2 —128in2(Q) - H (rp—1 — rsin(Q m=n
n
(42)
where H is the Heaviside function and rg = 0.

We again make the change of coordinates u = —cos(f2), yielding
2¢/r, —r*(1—w?) - H (u? — (1 —r2,/r?%)) (m < n)
Dy = VT2, —r2(1 —u?) — \/rfn_l —7r2(1 —u?) (m >mn)

V2 —r2(1 —u?) +ru — 2\/7”%71 —r2(1—w?) -H W - (1-7r2,/r%) (m=n)
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II.C.iv Generalized Leakage Derivatives It is possible to differentiate the general leakage
(41) and use these partial derivatives in the inverse solution. However, the resulting expressions are
extremely cumbersome. It is much simpler to use the ray trace forward and adjoint fluxes [Eqns.
(38) and (19)] in the adjoint derivative formulas of the next section. For this reason, we will not
pursue differentiation of (41).

IIT Adjoint Differentiation Previously developed inverse solution methods for this prob-
lem have employed adjoint differentiation [2, 3, 5] and discrete ordinates fluxes. In this section
we present a unified formulation of these methods and discuss numerical issues related to their
implementation.

We first find a general expression for the partial derivative gTA;I using the adjoint solution. The

derivation is similar to those of [3, 4].

Differentiating M =< 349 > gives

oM _ o
8—% =< Zda—% > (4.4)

Differentiating the transport equation yields

oY folt| ox
L = - . 4
ox, Oz, Oz, 4 (45)

Substitution of (3) in (44) gives

oM L o0y 0

e L*% o, >=< 1 L—amn > (46)
Now using (45), we have

oM « [ 0q 0%

o~ <Y (axn 92 )>- (47)

ITI..v. Unknown Radii For the case z,, = r,,, we have

dg  9dq _
praial el Agpd(r —mp), (48)
0% 15))
Eraial el AY,0(r — 1), (49)
where
Agn = Gn—Gn+1 (50)
AY, = p—Soii. (51)
Now using (47), we have
oM
— = <P (Ag, — AZ ) 0(r — 1) > (52)
ory,
oM .
. 47TT7?L¢ ('rn) (AQn - Azn"b("'n)) . (53)

ory,
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ITI..vi Unknown Thicknesses As with the ray trace derivatives, we can use Equation
(25) with the derivatives just found above to calculate derivatives of M with respect to unknown
thicknesses.

IT1..vii Unknown Source Weight Fractions For the case z,, = f;, we have

dqg 0q  psNa

oz, Ofi 1A (%4
oy 0% ! b
_6.’L‘n — 8fz — psNA ]E: A (55)
So
OM g <
— * | 4 _ E 'ﬂ

‘7:

ITl..viii Unknown Material Densities For the case z, = p,, noting that ¢ and 3; are
both linear functions of p, we have

2 E L,
where
m)={ o 15y (59)
Substituting (57-58) into (47), we have
= (< W = <S>y, (60)

where < - >, denotes an inner product over only V. For density perturbations of source materials,
the difference between the two terms in (60) is much smaller than either term, so small errors in
the fluxes often lead to derivatives with not even one digit of accuracy. In such cases, it may be
useful to rewrite the derivative as

oM 1

apn = P_n < ’lﬁ* (Qn - 2]nQ/]) >ps (61)
_ pi <Y (L= )t >, (62)
= Ly (2-99) >, (63)

Pn
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IV Perturbation Estimates In this section, we consider the following problem: given the
fluxes 9, 9" and leakage M for a given (unperturbed) problem with absorption ¥; and source g,
estimate the leakage M’ for the perturbed problem with absorption and source

T o= T+ AN (64)
¢ = gq+Aq (65)
We first describe various methods of estimating M’, and then compare results for several test cases.

The perturbed absorption and source are assumed to result from an internal interface perturbation.
It is important to note the particular nature of such perturbations . Traditional perturbations have
magnitude O(e) and support over a region of O(1). However, internal interface perturbations are
of magnitude O(1) and extend over a region of O(e). Perturbations are traditionally written as

Y o= B+ exn) (66)
¢ = q+eq, (67)
where ||Z}|| = O(1). In the internal interface perturbation case, while ||XZ}||; = O(1), clearly

|12} |00 = O(1/e€). Instead, we can write perturbations as

Si(z) = Zi(z - eX(2)) (68)
d(z) = q(z—eX(2)), (69)

where
1 rel,

xo={4 e o

We refer to Eqns. (68-69) as coordinate perturbations. Later we will see how coordinate perturbed
approximations may lead to improved perturbed leakage estimates.

IV.A Taylor and Variational Estimates A second-order accurate approximation to M’
can be obtained by taking just the first two terms in a Taylor series about the unperturbed value

of z: oM
Ar

A ()

M =M+ (VoM) Az =M+
n
where Ar = r’ — r is the difference between the perturbed and unperturbed interface radii. The
gradient V,M may be obtained using Eqn. (47) with ray trace forward and adjoint fluxes.

Note that it is not possible to obtain higher-order approximations for perturbations of source
interfaces by differentiating Eqn. (23) or Eqn. (53). The former fails because the integrand is
singular; the latter, because Eqn. (52) involves a delta-function.

Second-order accurate approximations to M’ may also be obtained from the Schwinger or Rous-
sopolos variational principles. The variational estimates necessarily agree with the Taylor series
approximations to first order; they differ only in the second- and higher-order (error) terms. The
Roussopolos estimate can be reduced to [4]

Mg = M+ < §*(Aq — pAZ) >, . (72)
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The Schwinger estimate can be reduced to [4]

<YPrg >+ <YPrAg >,
Mg=M . 73
o < Prg >+ < YP*AXY >, (73)

In [4], a new variational functional was introduced, combining the Roussopolos and Schwinger
functionals. The combined functional can be reduced to [4]
<YPrq>+ < fYrAg >y
Mc=M -<(1- (AXY — Aq) >p . 74
Here, f is an arbitrary function that defines how to interpolate between the Roussopolos and
Schwinger functionals.

The perturbed leakage is given exactly by
M =<3z > . (75)

It can be shown that, if the perturbed adjoint flux 9*' is used in place of ¥* in either Mz or Mg,
the exact perturbed leakage M’ is obtained. Thus, the variational estimates may be made more
accurate by using a trial function ¥* that more accurately approximates 1*'. In the next section,
we consider methods for improving 1*.

IV.B Coordinate Perturbations Consider the monodirectional slab transport problem.
Suppose that the location of all interfaces is shifted by distance e: r, = r, +¢€. Then the perturbed
flux 7' satisfies

Lz — )y’ =q(z —¢) (76)
where L(z) and g(z) are the unperturbed transport operator and source. The perturbed flux can
be obtained in terms of the unperturbed flux with a shift of coordinates:

P =9z —e). (77)
Traditional perturbation theory would approximate v’ using a series of the form
D=1+ ey + Xapy + ... (78)

where 1), are unknown functions of z. Comparing Eqn. (77) with Eqn. (78), the former is clearly
advantageous because it is easily evaluated and exactly correct (with only a single term). The
perturbed adjoint flux can be obtained from the unperturbed adjoint flux in the same manner.

Now consider the case where only 7y is perturbed: 79 = r2 4+ €. From consideration of the exact
solution, it can be seen that, in the perturbed interval (rg, 7)),

P (z) =9 (z —¢) (79)
as long as the magnitude of the perturbation is less than the thicknesses of the adjacent materials,

ie. |¢| <= min(rs —ro,r9 —11).

Now consider a general (single) interface perturbation, r,, = r,+e¢. The adjoint flux in the perturbed
region is given exactly by

P (z) = *(z — €)e 1, (80)
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We would like to apply Eq. (80) to interface perturbations in 1D spherical geometry as well.
Eq. (80) can be applied directly to obtain estimates that are an improvement over the ordinary
variational estimates; however, further improvement can be gained by assuming that for small

perturbations,
P (r) g (r — e)erFem e, (81)

in the perturbed region, where +y is a geometric factor that approximately accounts for the effect of
rays passing obliquely through the perturbed region. In other words, 7y is the average path length of
a ray through the perturbed region, relative to the path length for rays that pass perpendicular to
the perturbed interface. In the calculation of the inner product < 1*1 >, the only rays that matter
are those that pass through the source region, so we take the characteristic angle § = %arcsm(rl /rh)
and use

¥ = cos(6) = \/%(1 N S CYARY (s2)

In the calculation of < ¥* >, we set v = 1.

In the numerical examples that follow, we apply coordinate perturbations to the reduced Roussopo-
los functional only. Improving the adjoint flux in the Schwinger and combined functionals would
require finding an improved approximation outside the perturbed region.

IV.C Application to a Monodirectional Slab Problem We now test the coordinate
perturbed Roussopolos estimate on the monodirectional slab problem used in [4].

The relative errors in perturbation estimates using the methods of the last section are plotted in
Figure (2) for source perturbations of the monodirectional slab problem with a 0.3 cm slab source.
The Taylor series approximations using ray trace and adjoint derivatives are both plotted, in order
to verify that they are identical. The Roussopolos variational estimate is also identical to these two
for this simple geometry. All three have a maximum error of about 27%. The coordinate-perturbed
Roussopolos estimate, using Eq. (80) is a dramatic improvement. In fact it can be shown that for
this simple problem, Eqn. (80) gives the exact perturbed adjoint flux in the perturbed region, so
that the improved Roussopolos estimate is exact. In practice there is a very small error associated
with evaluating the inner products by quadrature with a finite grid spacing.

IV.D Dimensional Analysis of Leakage From an Unshielded Sphere We now con-
sider a different approach to finding approximate leakages and derivatives. Consider a spherical
radiation source with no shielding. Let r; denote the source radius, and consider gamma rays of a
single energy, with volumetric source rate g, s 1

cm~3 and absorption coefficient ¥; ¢m 1.
The total leakage can be found by ray tracing to be (from Eq. (14))
q arcsin(ri/rq)
My = 2mri=- sin(0)cos(0) (1 — e~2t4ra:0)) 4p. (83)
The integral (83) cannot be evaluated analytically.

From physical principles, it is clear that the leakage must be independent of r4, so long as rq4 > ry.
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Fi1Gg. 2. Perturbation estimate errors for 0.3 cm HEU slab source perturbations

Thus, the leakage can only depend on ¢, ¥, and r1, which have the following dimensions:

1
_ 4
q 37 (84)
1
Y = -
¢ i (85)
rn = L. (86)

Here L is length and T is time. Since the leakage must be independent of the units used to measure
length, we can eliminate r; and assume that

Mg = My(q,%s), (87)
where

B 4

7 = sl (88)

_ 4

Zt = gﬁtrl. (89)

Clearly, ¢ has the physical interpretation as the total source, integrated over the sphere, while %; is
proportional to the number of mean free paths in the sphere’s diameter. Either physical reasoning
or examination of (83) shows that M, depends linearly on ¢, so we have that

My = qg(it)a (90)

where the function g is to be determined. Now, for £; << 1, most of the gammas emitted in the
sphere will escape, so that My oc 73. On the other hand, For 3; >> 1, only gammas emitted very
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10 10
R

F1G. 3. Empirical fit versus ezact My/q

near the surface will escape, so that My oc r2. Thus

limg =1 (91)
2 —0
lim ¢ = ;7% (92)
Y¢—00

Notice that the coefficients in Eqs. (88-89) were chosen to simplify these limits, thereby simplifying
the function g. A function that fits both these limits and also fits the function M;/q quite well
between them is

= 1—e >
g3y = ———.
§(2¢) 5,

In Figure 3, this function is plotted against the exact function M;/g. Note that substituting (93)
in (90) yields

(93)

Md ~ MSD = %(1 — e_it) (94)
t

which bears a striking resemblance to the monodirectional slab solution. Finally, using Eqs. (88-89),
we have the source depth estimate

MdzMSD :WT%%(l—e_%Etrl) (95)
t
It is possible to use Eq. (95) directly to obtain perturbed leakage estimates. However, a better

estimate may be obtained using the exact unperturbed leakage and derivative. Examining Figure
3, it seems reasonable to suppose that

Mq(r1) = a(r1)Msp(r1) (96)
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F1G. 4. Perturbation estimate errors for 0.3 cm HEU spherical source perturbations with no shielding.

where «a(r1) = 1 is a slowly varying function of r;. Then

dMy

alr )dMSD
d’f‘l = !

d’f‘l

(97)

simce dr; ~

Differentiating Eq. (95) gives an approximate value for the leakage derivative as a function of ;.
Given this, we can use the approximation

" dMsp
dry

AM | dMsp
dri1’ dri

M(r}) =~ M(r) + a/ dri = M(ry) + ( ) (Msp(ry) — Msp(r1)). (98)

T1

ri=r1
Eq. (98) is referred to as the SD estimate.

Figure 4 shows the perturbation estimate errors for perturbations of a 0.3 cm HEU source without
shielding. The source depth estimate is clearly superior. Figure 5 shows errors for perturbations
of the Godiva source without shielding. Although the Taylor, CP Roussopolos, and source depth
estimates are all very accurate, the source depth estimate is significantly better than the other
two. For the most severe perturbations shown, the source depth estimate error is smaller than the
Taylor estimate error by three orders of magnitude.

Figures 6 and 7 show the errors for a -0.1 cm perturbation and a +0.1 cm perturbation (respectively)
of an HEU source radius as a function of the unperturbed source radius. The source depth estimate
is extremely accurate, even for the difficult case of small source radii.

IV.E The Exponential Estimate for Shield Interface Perturbations In [4], Favorite
found that the combined variational functional, M¢, with f = 1/4/2 gives an excellent estimate for



To Distribution October 20, 2005 Page 15

S
i
X
_2 3
2nd-order Taylor|
-4 —u»— Roussopolos
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Fi1G. 5. Perturbation estimate errors for 8.741 cm Godiva spherical source perturbations with no shielding.

25 v

— Taylor

—»— Roussopolos
20} —e— Schwinger

—&— CP Roussopolos
15} —%¥— Source Depth

% Error

FiG. 6. Perturbation estimate errors as a function of unperturbed radius for -0.1 ¢m perturbations of an HEU

spherical source with no shielding.
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—— Roussopolos
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F1G. 7. Perturbation estimate errors as a function of unperturbed radius for +0.1 ¢cm perturbations of an HEU
spherical source with no shielding.

shield perturbations. To second order,

1 < 9*AXep >2
2 M,
This estimate was used for several shield perturbation problems with a range of perturbation
distances, and the convergence rate was extracted using the formula

In(AM,)/In(AM
p= n( 1)/In(AMs) (100)
Ary/Arg
where AM; and AM, are the errors in the perturbation estimates for perturbations Ary and Ars,
respectively, and p is the order of convergence. In all cases, it was found that p = 3; that is, the

error in the estimate (99) appears to be O(e?).

Mo = My— < Qﬂ*AEQﬁ >+ (99)

For a monodirectional slab,

M' = MyeA¥Ar (101)
This gives a poor estimate for the spherical problem. However, for the slab
< YT AE) >= A Ar M. (102)
This can be used to rewrite (101) as
Megp = Mye<¥™A%e>/Mo (103)

Application of the estimate (103) to the spherical problem gives a very accurate perturbation
estimate, as we will see. To second order
1< P*ASe >2

Mgy = My— < p*AS¢p > LD v (104)

explaining the performance of the estimate (99).
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Parameter Value
a1 38.09993 v/cm’s
Y1 1.91451 cm™!
DI 1.00161 cm ™!
i 0.187625 cm™!
TABLE 1

Parameters for the spherical perturbation problem

Godiva source
r=8.741 cm

Void
8.741 <r < 12.4

Lead
124 <r <129

Aluminum
12.9 <r < 13.2

Detector
r=100 cm

Fi1G. 8. Test problem setup

IV.F Application to a Shielded Spherical Source We now consider the shielded spher-
ical source problem with the same shield interface locations as the shielded slab and source radius
r1 = 8.741 cm. The unperturbed configuration is shown in Figure 8. This is the same test problem
used in [2, 4, 5], although the macroscopic cross sections differ very slightly. For all perturbation
tests, results for the 766-keV line are shown, although some tests were repeated using other lines
and similar results were obtained. The volumetric source rate and macroscopic absorption cross
sections are given in Table 1.

The Roussopolos coordinate-perturbed (CP) estimate uses the reduced Roussoplos variational func-
tional (72) with the coordinate perturbed adjoint flux (81).

The relative errors in perturbation estimates are plotted in Figure 9 for source perturbations ranging
from Ar = —0.1 to Ar = +0.1 ¢cm. The Taylor series approximation does very well because
the response to source perturbations happens to be nearly linear over this range. Note that the
Roussopolos surface formulation of [2] is exactly equivalent to the Taylor approximation.

The Roussopolos variational estimate is much less accurate; the coordinate perturbed Roussopolos
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F1G. 9. Perturbation estimate errors for 8.741 em Godiva spherical source perturbations with shielding.

estimate, using

L F0) = w0 (105)
<P (r,0)h(r,0) > = <9P*(r—e,0)Y(r,0) >, (106)

is a drastic improvement over the ordinary Roussopolos estimate. In fact, the Taylor, CP Rous-
sopolos, and Source Depth estimates are all very accurate.

In Figure 10, we plot results for the same problem over a more severe range of perturbations. In [2]
it was claimed that the Roussopolos surface estimate is highly accurate for this problem because
the change in leakage is primarily due to the change in surface area; i.e., My oc r?. This assumption
is built into the Source Depth estimate, which turns out to be less accurate than the Taylor/Rouss.
surf. estimate. On the other hand, the fact that the 1st-order Taylor estimate is highly accurate
for outward perturbations indicates that the leakage is approximately a linear function of r1. The
shift from a quadratic to a linear response must be due to the effect of the shielding.

We next consider the spherical problem with source radius 0.3 cm. Perturbations to this source
are more difficult to estimate, for two reasons: the source is not saturated, and the surface of
the source is far from planar. Results are plotted in Figure 11. Both the Taylor and variational
approximations are unable to capture the highly nonlinear sensitivity. The coordinate perturbed
Roussopolos approximation does better, and the Source Depth estimate is extremely accurate.

It is illuminating to compare Figure 11 with Figure 4 and Figure 9 with 5. For the 0.3 cm source,
the plots with and without shielding look nearly identical. For the 8.741 c¢m source, the Source
Depth estimate is much less accurate in the case of shielding. This implies that the effect of the
shielding is essentially linear for the smaller source, but has become nonlinear for the larger source.

We now consider the Godiva source problem and examine perturbations to the shield radii (rg, 73, 74)-
Figures 12-14 show the errors in perturbation estimates for perturbations to 9,73, r4, respectively.
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Fi1G. 10. Perturbation estimate errors for 8.741 ¢cm Godiva spherical source perturbations with shielding, over a

wider range of perturbations.
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Fi1G. 11. Perturbation estimate errors for 0.8 cm spherical source perturbations with shielding.
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Fi1G. 12. Perturbation estimate errors for perturbations to r2 (8.741 cm source).

The exponential estimate is clearly superior in every case. Note that the perturbations to ry range
from a lead shield that is five times as thick to no lead shielding at all, corresponding to leakage
perturbations from —90% to +78%. For the case Ary = —2.0 cm, all the other estimates are in
error by more than 200%, but the exponential estimate is accurate to within less than 5%.

Figures 15-17 show results for the same perturbations to the shield radii (rg,73,74) with a 0.3 cm
HEU source. With this source, the Exponential estimate is accurate to within less than 0.02% for
all perturbations.

IV.F.i Multiple Perturbations We now consider problems where both source and shield
interfaces are perturbed. Based on the results of the previous section, we would like to combine
the Source Depth and Exponential perturbation estimates to obtain a highly accurate estimate for
multiple perturbations. The two can be easily combined using the formula

Mup = Mgpe<¥"A%¥>/Mo (107)

where Mgp is given by Eq. (98). That is, the source depth estimate is calculated, ignoring the
shield perturbation, and then the result is multiplied by the usual exponential factor for the shield
perturbation.

In Table 2, we consider the same set of multiple perturbations that were considered in [4]. The
M rp estimate is more accurate than the My estimate in all but one case, and in most cases the
improvement is by an order of magnitude or more.

V Iterative Inverse Solution Methods

V.A Newton-Raphson Iteration One approach to solving the inverse problem (in the
absence of measurement error) is to define an error function €(z) and use a root-finding method to
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Fi1a. 13. Perturbation estimate errors for perturbations to rs (8.741 cm source).
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F1G. 14. Perturbation estimate errors for perturbations to r4 (8.741 cm source).
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FiG. 15. Perturbation estimate errors for perturbations to ra2 (0.3 ¢cm source).
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FiG. 16. Perturbation estimate errors for perturbations to rs (0.3 ¢cm source).
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F1G. 17. Perturbation estimate errors for perturbations to r4 (0.8 cm source).
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2nd-order Taylor
—»— Roussopolos
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—&— CP Roussopolos

Exponential

-0.2

-0.1 0 0.1
Ar

02 03 04

0.5

Exact leakage | % Error | % Error
1 Ar;  Arg | perturbation (%) | in Myp | in Mg [4]
8.741 -0.2 -0.2 15.56 0.16 1.10
0 -4.03 0.03 0.22
+0.2 -20.21 -0.11 -0.83
+0.2 -0.2 25.68 -0.13 -0.94
0 4.06 0.03 -0.23
+0.2 -13.72 0.16 0.54
1.0 -0.1  -0.2 -7.09 -0.04 5.17
0 -21.06 -0.05 0.73
+0.2 -32.93 -0.05 -4.25
+0.1  -0.2 45.34 -0.04 -2.21
0 23.47 -0.04 0.61
+0.2 4.89 -0.03 3.87
0.3 -0.1  -0.2 -60.57 0.84 17.58
0 -66.49 0.84 -4.33
+0.2 -71.53 0.83 -29.45
+0.1 -0.2 148.54 0.20 -5.40
0 111.20 0.20 0.07
+0.2 79.46 0.20 6.48
TABLE 2

Page 23

% Errors in the 766-keV line leakage using the combined source depth/exponential estimate for multiple pertur-

bations
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solve e(z*) = 0. A simple error function is the vector of relative errors:

€ = %{Mé (108)
In [5], the sum of squared errors was used:
¢ — li(Mi(x) _ ME), (109)
2

Let {z1,72,...,zx} denote the vector of unknowns. Some guess zy is provided as a starting point.
The Newton-Raphson method is then

(Vee(z')TAz = —e(a?) (110)
= 1t 4 Ag, (111)

where Ve is the gradient of the error function with respect to the unknowns. Note that the
gradient is a matrix in the case of (108), while it is a vector in the case of (109). In the former case,
the number of observed gamma, lines must be greater than or equal to the number of unknowns for
Eqn. (110) to have a solution. If the number of gamma lines is greater, Eqn. (110) is solved in the
least squares sense. Using the chain rule,

_ Oe OMI
- OMI Oxy

(V€) ik (112)

A key part of the inverse method is the calculation of the derivatives %TMj, which we address in
the next two sections. We will see that the variational methods of [2] are equivalent to a Newton-

Raphson iteration using error function (108) and adjoint differentiation.

For the error function (108), the Jacobian is

1 oM! 1 oM!
M(} ox1 M& Ox2

1 M2 ..
VIG = W o11 . (113)
1 aMC
M§ Ozn
oM oMt
o1 oz
_ OM? ..
VoM = | 2L - (114)
: OMEC
orn

Some terms in the derivatives %TZV[Z, such as the first term of the RHS of Eqn. (30) depend on g¢,
with ¢ a function of some of the parameters z;. For these terms, a normalization factor of Mid is
used in place of MLO

In general we expect the Newton-Raphson method to fail for an initial guess sufficiently far from
the true solution.
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V.B Equivalence of Variational Inverse and Adjoint Differentiation Methods In
this section we will show that the inverse methods of [2] are equivalent to Newton-Raphson iteration
using the function (108) and adjoint differentiation. We consider specifically the case of unknown
radii.

Using (53) and (108),

Oe  Amr?
— = * Ag — AX .
o, M, P*(rn) (Ag P(rn)) (115)
Then (110) gives
4rr2 | Mi(z) — M}
On the other hand, the Roussopolos method (Eqn. A.5) of [2] uses the formula
1 M (x) — M}
— *AY — *A =—— 11
o, (SYANY > = <yTAg>) M (117)
with the inner products approximated by (see Eqns. 35a-35b therein)
rh d rh
<YPTARY > = / P AYYPdV ~ AL Ar— / P*pdV (118)
Tn dr n r=Tn
1 d ™
<YP*Ag> = / P* ALYV =~ AqArE / P*dV , (119)
n Tn r=rp

In [2], the derivatives in these expressions were evaluated via central differences, resulting in the

approximations
d ™ 1 [ratd
g (/Tn zﬁ*zMV) = % L P*apdV (120)
d T{ﬂ T=Tn 1 Tn+6
e (/Tn ¢*dV> = % _ P*dV, (121)
r=Tn

where § was taken to be the width of six mesh points.

The derivatives in (118-119) can instead be evaluated exactly:

i ([ )
i ([ var)

Substituting (122-123) in (117) yields (116).

= 47”"%7/]* (rn)¥(rn) (122)

r=rp

Amriap* (), (123)

r=rp

We see that the Roussopolos method of [2] would be equivalent to simple adjoint differentiation if
the exact derivatives (118-119) were used. The Schwinger method can be obtained by considering
the appropriate normalization of the second term on the right hand side of (53).
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A similar analysis considering the derivatives of the leakage with respect to source component
weight fraction again shows that the expressions resulting from Roussopolos functional inversion
and adjoint differentiation are identical. In this case, inversion of the Schwinger functional yields a
different normalization of one term, as noted in [2]. This alternate normalization results in much
better performance and is used in all implementations in this paper.

What is the effect of using the approximations (120-121)7 The quantities on the right may be
considered as approximations either to the derivatives on the left or to the original inner products.
In either case, the error in the approximations is O(Ar?) + O(62). In contrast, the approximation
error in (118-119) is O(Ar?). Because § is a fixed finite value (related to the discrete ordinates
mesh), the ©4? error in the gradient will not vanish as = approaches the true solution. The methods
of [2] should not be expected to converge to an accuracy smaller than the error produced by this
term; one of the test cases in Section VI.B demonstrates this effect.

The Schwinger method was implemented using Eqns. (122- 123); the resulting method is referred
to as the Newton-Raphson adjoint method. The use of (122- 123) as approximations to the inner
products in (117) is also equivalent to using the surface integral formulation of [4].

V.C Levenberg-Marquardt Optimization When real measurements are involved, root-
finding methods like those above may be inappropriate because an exact root may not exist. Instead,
one may consider the residual ' '
M* — M}

O—’L

T, = (124)

where ¢ is the uncertainty in the measurement of M, and seek to minimize the objective function

X

G i i\ 2
X2 =R@) Rz =" (L .M°> . (125)

ot
i=1

Efficient methods for solving this optimization problem require knowledge of the gradient of x?:

OX2 o~ M- M oM
(Vax?); = a%j = ; L 2. on; (126)
Thus the partial derivatives %TMJ,i are again needed.
The Levenberg-Marquardt algorithm iteratively solves
=2 — (AW+ 1)D(RTR") + R'(«)TR' (%)) ' R (z;) T R(x;) (127)

where ' denotes differentiation, D(A) is the diagonal part of the matrix A, and X is a parameter
that is adjusted after each iteration. The reader is referred to [6] for full details.

VI Numerical Tests of Inverse Methods
VI.A Numerical Quadrature Some of the integrals derived in the previous sections require

special care in order to be evaluated accurately. The integrand of the source radius derivative (Eqn.
23) has a singularity at the upper bound of integration; Matlab’s adaptive Simpson quadrature
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Fic. 18. Case la

often had difficulty evaluating this integral. The QUADPACK routine, which uses adaptive Gauss-
Kronrod quadrature, was able to evaluate this and the other integrals quickly and accurately.
QUADPACK is freely available from NETLIB (www.netlib.com).

Because many of the integrands are non-smooth at the angles corresponding to a ray that is tangent
to a layer surface, it is sometimes necessary to break the integral up into several integrals, each
of which possesses a smooth integrand. Otherwise, some particular region may not be sampled by
the quadrature routine and the result will be very inaccurate. For instance, when given a small
central source, if the integration bounds are given as [0,6,], where 6,, corresponds to the edge of
the largest shield layer, the quadrature software may miss the entire source region and return a
zero leakage value. This is not unexpected, because the quadrature software error bounds apply
only to smooth integrands.

VI.B Comparison of Root-Finding Methods In this section, we compare results using
three root-finding methods. All three use the Newton-Raphson (NR) iteration; they differ only in
the calculation of gradients. The first uses the semi-analytic ray-trace gradients; this method is
referred to as NR-RT. The second is Favorite’s Schwinger method from [2], with averaged values;
this method is referred to as NR-SA. The third method is the Schwinger method using point values;
this method is referred to as NR-SPV. We use the set of test cases used in [2]. The purpose of
this comparison is to show whether the difficulties encountered by the Schwinger method are due
to inaccuracies in the derivatives or some other cause.

The unperturbed test problem configuration is shown in Figure 8.
VI.B.i Case 1: Shield Location Unknown In cases la and 1b, the initial model had the

shield 3 cm too close and 2 cm too far from the source, respectively. The radii calculated at each
iteration are plotted in Figures 18 and 19, respectively, for the NR-RT method.
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In case 1b, both methods again converge to the correct solution.

In case 1c, the initial model had the shield 2.5 cm too far from the source. NR-SA finds a much
thicker aluminum layer after the second iteration and is unable to converge. NR-RT encounters
no such difficulty; although the thickness of the Al shield is about 10% too great after the third
iteration, the solution converges rapidly. We conclude that the failure of NR-SA in this case is due
to inaccuracies in the calculated Jacobian.

NR-SPV converged to the correct solution in a few iterations for all three cases la-1c. This suggests
that the loss of accuracy due to the averaging procedure used in [2] may be responsible for the non-
convergence of NR-SA in case 1c. However, NR-SPV fails in the same manner as NR-SA if the
shield is initially moved out 1 cm more.

Each of these cases (la, 1b, 1c) was solved using the known thickness formulation of Section
I1.B.ii, allowing only the void layer thickness to vary. Again, NR-RT essentially converged in two
iterations, although the result after only 1 iteration was off by no more than a few percent in each
case. In general, the known thickness approach is preferable for this problem because it reduces the
dimensionality from three to one. In fact, this method is able to converge to the correct solution
even when the initial void thickness is increased to about 12 cm. For larger initial thicknesses,
the inner shield radius is inside the source radius after the first iteration and the method does not
converge.

VI.B.ii Case 2: Shield Thickness and Location Unknown In case 2a, the lead layer
was 0.2 cm too thin, the aluminum layer was 2.1 cm too thick, and the shield was 0.1 cm too
close to the source. Both NR-SA and NR-RT quickly produce negative values for the shield radii,
and thus fail. For case 2b, both methods again fail. In case 2c, NR-RT still fails, while NR-SA
converges.
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NR-SPV performed similarly to the NR-SA for these cases.

The ill-conditioning of this problem is related to the very weak dependence of the leakage on the
shield location. One way to approach this problem is to iterate a few times with the inner shield
radius fixed, then allow the inner shield radius to vary. This allows the method to approximately
determine the shield thicknesses, and then solve the more difficult problem of shield location. Using
this technique, NR-RT was able to converge to the correct solution of case 2a after six iterations of
the fixed-location problem plus one iteration of the full problem. Case 2b required 20+3 iterations,
and case 2c required 941 iterations. The intermediate (fixed-location) solutions were different for
case 2a and case 2b, even though the fixed shield location was the same for both.

VI.B.iii Case 3: Source Radius Unknown In cases 3a and 3b, the source radius was 0.5
cm too small and 0.5 cm too large, respectively. In both cases, NR-RT converged in 2 iterations
(the error in rq was less than 4 x 1073 after 1 iteration). This shows that the dependence of the
leakage on the source radius is nearly linear for perturbations of this magnitude or smaller. In spite
of this, NR-SA converges very slowly. This indicates that NR-SA gives a poor approximation to
the derivative of the leakage with respect to the source radius.

For case 3a, NR-SPV decreased the source radius in each iteration, indicating that the method
was unable even to correctly determine the sign of the derivatives in the Jacobian. For case 3b, it
converged in only 8 iterations.

Although the performance of NR-SA appears superior to NR-SPV for source perturbations, in fact
the relevant derivative is nearly zero (because the source is near saturation), and the derivatives
computed by NR-SPV are uniformly more accurate (despite one of them having the wrong sign).
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VI.B.iv Case 4: Source Radius Unknown, Shield Thickness and Location Un-
known In case 4, the source radius was 0.159 cm too large, the lead layer was 0.05 cm too thin,
the aluminum layer 0.4 cm too thick, and the inner radius of the shield was 0.35 cm too small.
NR-SA fails to converge for this problem. NR-RT converges in just a few iterations. The behavior
of NR-RT on cases 2 indicates that this convergence may be merely fortuitous in some sense; gen-
erally, it may be useful again to roughly solve the problem with the void thickness fixed, then use
the result as a starting point for the full problem.

With the threshold for singularity of A raised to 3 x 1073, NR-SA converges to a wrong solution.
We can examine the behavior of NR-RT to determine why. In fact, using the same increased
singularity threshold, NR-RT converges to an incorrect solution. This indicates that the failure of
NR-SA is not related to the use of truncated Taylor series in evaluating certain derivatives, as has
been suggested. Examining the matrix A corresponding to the exact solution, we find that it has
a reciprocal condition number of 1.9 x 1073, which is below the singularity threshold. The inverse
methods declare the matrix to be singular for all iterations after getting close to the true solution.
The inverse methods are unable to find the correct solution because the singularity fix is throwing
away significant information about the sensitivities near the exact solution. One way to avoid this
is to apply the singularity threshold only when the max-norm of z exceeds some characteristic
distance. This will tend to avoid the generation of unphysical radii initially, but will not impede
the asymptotic convergence of the method. Such a trigger is desirable because it is conceivable that
the same pathology might occur even with the lower singularity threshold. However, this does not
cause NR-SA to converge to the correct solution for this problem, because it does not address the
difficulty that prevents convergence when the singularity threshold is low.

The source of this difficulty was discovered by running the problem with NR-SPV with the original
SVD threshold (2x109). In this case, the method converged to the correct solution in 16 iterations.
We conclude that NR-SA was unable to locate the exact solution because the approximations (120-
121) still give an O(§2) error as Ar approaches zero when the approximate solution is very near
the exact solution.

VI.C Comparison of Optimization Methods In this section, we compare results using
two optimization methods. Both use the Levenberg-Marquardt iteration; they differ only in the
calculation of gradients. The first uses the semi-analytic ray-trace gradients; this method is referred
to as LM-RT. The second uses adjoint differentiation with fluxes calculated using the discrete
ordinates code PARTISN, and corresponds to the method of [3]; this method is referred to as
LM-ADJ. We again use the set of test cases used in [2].

Table VI.C shows the number of iterations required to converge for each test case; for comparison,
the results of the Newton-Raphson methods of the previous section are also included. A blank
entry indicates that the method did not converge.
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Unknown | Case || NR-ADJ | NR-RT | LM-ADJ | LM-RT
la 4 2% 7 2*
Shield 1b 4 2* 11 2%
Location 1c 2% 11 2%
1d 2% 2*
Shield 2a, T 11 9
Location 2b 23** 14 12
& Thickness | 2c 7 10** 14 12
Source 3a 2 4 3
Radius 3b 8 2 4 3
Source 4 4 5
& Shield 4a, 15
Radii 4b 8

*=Thickness formulation; **=fixed void radius method
TABLE 3
Number of iterations required for each method to converge
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